(3) Graphical Data Analysis Techniques-Frequency Distributions
Graphical techniques are a very useful way of analyzing the way in
which random measurement errors are distributed. The simplest way of
doing this is to draw a histogram, in which bands of equal width across
the range of measurement values are defined and the number of
measurements within each band is counted. The bands are often given
the name data bins. There are two alternative rules for calculating the
best number of data bins to use:
The Sturges rule calculates the number of bands as follows:

where n is the number of measurement values.
The Rice rule calculates the number of bands as 2𝒏𝟏/𝟑 .
Obviously the result produced has to be rounded to the nearest integer in both
cases.
When n is relatively small, the two rules suggest the same number of bins.
However, for larger values of n, the Rice rule calculates a larger number of bins
than the Sturges rule.
This is summarized in the table below:

Example
Draw a histogram for the 23 measurements in set C of the length measurement
data given in the last lecture.
Solution
For 23 measurements, the recommended number of bands calculated
according to the Sturges rule is
1+3.3 log10(23) =5.49
This rounds to 5, since the number of bands must be an integer number.

To cover the span of measurements in data set C with 5 bands, the data
bands need to be 2-mm wide. The boundaries of these bands must be
carefully chosen so that no measurements fall on the boundary between
different bands and cause ambiguity about which band to put them in.
Since

the

measurements

are

integer

numbers,

this

can

be

easily

accomplished by defining the range of the first band as 401.5 to 403.5
and so on.
A histogram can now be drawn as in Figure below by counting the
number of measurements in each band.

In the first band from 401.5 to 403.5, there is just 1 measurement and so
the height of the histogram in this band is 1 unit.

In the next band from 403.5 to 405.5 there are 5 measurements and so
the height of the histogram in this band is 5 units.
The rest of the histogram is completed in a similar fashion.

Histogram of measurements and deviations.
As it is the actual value of measurement error that is usually of most
concern, it is often more useful to draw a histogram of the deviations of
the measurements from the mean value rather than to draw a histogram
of the measurements themselves. The starting point for this is to
calculate the deviation of each measurement away from the calculated
mean value. Then a histogram of deviations can be drawn by defining
deviation bands of equal width and counting the number of deviation
values in each band. This histogram has exactly the same shape as the
histogram of the raw measurements except that the scaling of the
horizontal axis has to be redefined in terms of the deviation values
(these units are shown in brackets on figure above).

(4) Standard Gaussian Tables (z-Distribution)
A standard Gaussian table (sometimes called the z-distribution), such as
that shown in table below, tabulates the area under the Gaussian curve
F(z) for various values of z, where F(z) is given by

For negative values of z, we can make use of the following relationship
because the frequency distribution curve is normalized:

F(-z) is the area under the curve to the left of (-z), that is, it represents the
proportion of data values ≤ -Z.
If Z is normally distributed with mean µ and standard deviation σ, we write
Z~N (µ, 𝜎 2 )
µ and σ are the parameters of the distribution.

From this table we can identify that P(Z < 1.0) = 0.8413

Example

Example

Example

Error function table (area under a Gaussian curve or z-distribution)

Example

Solution
The required number is represented by the sum of the two shaded areas in figure
below. This can be expressed mathematically as P(E < -σ or E > +σ) = P(E < -σ)
P(E > +σ).
For E = -σ, z = -1.0.
Using Table above P(E < -σ) = F(-1) = 1-F(1) =1-0.8413 = 0.1587.
Similarly, for E = +σ, z =1.0, Table above gives
P(E > σ) = 1 - P(E < σ) = 1 - F(1) = 1 - 0.8413 = 0.1587. (This last step is
valid because the frequency distribution curve is normalized such that the total
area under it is unity.)
Thus, P[E < -σ] + P[E > σ] = 0.1587 + 0.1587 = 0.3174 ~ 32%, that is, 32% of
the measurements lie outside the ∓σ boundaries, then 68% of the measurements
lie inside.

∓σ boundaries

(5) Standard Error of the Mean
The standard deviation of the mean values of a series of finite sets of
measurements relative to the true mean (the mean of the infinite
population that the finite set of measurements is drawn from) is defined
as the standard error of the mean, α. This is calculated as

Clearly, α tends toward zero as the number of measurements (n) in the data set
expands toward infinity.
We also know that a range of ± one standard deviation (i.e., ±𝛼) encompasses
68% of the deviations of sample means either side of the true value. Thus we
can say that the measurement value obtained by calculating the mean of a set of
n measurements, x1, x2…xn, can be

Example:

Solution:

(6) Estimation of Random Error in a Single Measurement
In many situations, where measurements are subject to random errors, it
is not practical to take repeated measurements and find the average
value. Also, the averaging process becomes invalid if the measured
quantity does not remain at a constant value, as is usually the case when
process variables are being measured. Thus, if only one measurement
can be made, some means of estimating the likely magnitude of error in
it is required. The normal approach to this is to calculate the error within
95% confidence limits, that is, to calculate the value of the deviation D
such that 95% of the area under the probability curve lies within limits
of ±D. These limits correspond to a deviation of ±1.96σ. Thus, the
maximum likely error in a single measurement can be expressed as

